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Abstract 

Just as the Jacobi identity of vector fields is a natural consequence of 
the general Jacobi identity of microcubes in synthetic differential geome- 
try, it is to be shown in this paper that the graded Jacobi identity of the 
Frolicher-Nijenhuis bracket is also a natural consequence of the general 
Jacobi identity of microcubes. 

1 Introduction 

It has long been known that the totality of vector fields on a well-behaved space 
forms a Lie algebra. Since vector fields and their corresponding derivations can 
not be identified in synthetic differential geometry, it is by no means direct to 
establish this fact synthetically. It was Nishimura [5] that noted, behind the 
Jacobi identity of vector fields, what is to be called the general Jacobi identity 
of microcubes. 

The Frolicher-Nijenhuis bracket, discussed in [T] and [S], is a natural exten- 
sion of the Lie bracket of vector fields to tangent- vector- valued differential forms. 
The principal objective in this paper is to derive the graded Jacobi identity for 
the Frolicher-Nijenhuis bracket from the general Jacobi identity synthetically. 
The interior derivation and the Lie derivation are discussed in passing. 



2 Preliminaries 

We assume that the reader is familiar with Lavendhomme's textbook [3J on 
synthetic differential geometry up to Chapter 5. We denote by D the subset 
of R (the extended set of real numbers satisfying the Kock-Lawvere axiom) 
consisting of elements d of M with d? = Q. Given a function F : D 'E oi D 
into a Euclidean space E, we write DF for the entity of E characterized by 

F{d) ^ F{0) + dDF 
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for any d G D. 

Given a microlinear space M, we denote by TM. The notion of strong 

difference — was introduced by Kock and Lavendhomme [5] into synthetic dif- 
ferential geometry. The foUowing proposition belongs to the folklore. 

Proposition 1 For any function f : M N of microlinear spaces and any 
71,72 G with 71 \d{2)^ 72 \d(2), we have 



The notion of strong difference — can be relativized. Since AI^ — [M^)^ , 
microcubes on M can be viewed as microsquares on . According to which 
D in the right-hand side of — D x D x D appears as the superscript just 

over M, we get the three relativized strong differences — (i = 1, 2, 3), for which 



we have the following general Jacobi identity. 

Theorem 2 Let 7123, 7132, 7213, 723i, 73i2, 732i e As long as the follow- 

ing three expressions are well defined, they sum up only to vanish: 



The theorem was established by Nishimura [9] and has been reproved twice 
by himself in [10] and pT| . 

We use the notion of linear connection in the sense of Definition 1 in §§5.1 of 
Lavendhomme [3]. Given a linear connection V on a microlinear space M and 
a linear connection V' on a microlinear space N with a function f : M N, 
we say that V is f -related to V provided that 



for any ti,t2 G TM with ti{0) = ^2(0). We wiU often write V7 for V(ti,i2), 
where ti = 7(-, 0) and ^2 — 7(0, •). 

We write §„ for the permutation group of the first n natural numbers, 
namely, 1, n. Given 7 £ and a G §„, we define 7'^ G to be 



for any (di, ...,d„) G Given 7 G Af-^", we write o„(7) for 7(0, ...,0). 




(7123 — 7132) 
(7231 — 7213) 
(7312 — 7321) 



(7231 — 7321) 
(7312 — 7132) 
(7123 — 7213) 



/oV(ii,t2) = V'(/oti,/ot2) 



7'^(di, ...,d„) = j{d^{i),---,d^(^ri)) 
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3 Tangent-Vector- Valued Differential Forms 

It is well known in synthetic differential geometry that vector fields can be 
viewed in three different but essentially equivalent ways, namely, as sections of 
the tangent bundle, as infinitesimal fiows and as infinitesimal transformations, 
for which the reader is referred to §3.2 of Lavendhomme These three view- 
points can easily be extended to tangent-vector-valued differential forms. Let 
M be a microlinear space. The first orthodox viewpoint is to regard tangent- 
vector-valued differential p-forms on M as mappings K : M^" with 
0p(7) = Oi{K{'j)) for any 7 G M^'' and satisfying the p-homogeneity and the 
alternating property in the sense of Definition 1 in §4.1 of Lavendhomme [5]. 
The second viewpoint goes as follows. 

Proposition 3 Tangent-vector-valued differential p-forms on M can be identi- 
fied with mappings K : D x — > M pursuant to the following conditions: 

1. i4r(0,7) = Oj,(7) for any 7 £ M^^ . 

2. K{ad, 7) — K{d, a ■ 7) for any d £ D, any a G M, any 7 £ AI^'' and any 

i 

natural number i with I < i < p. 

3. K{d,'y'^) = K{ecrd,'y) for any d £ D, any 7 G AI^^ and any a G §p. 
Proof. This follows from the set-theoretical identity 



DP 



The details can safely be left to the reader. ■ 

^.UP n tDP 

Given ip G and a G K, we define a ■ (p £ M^^ (1 < « < p) to be 

i 

(a • (^)(7) = if {a - 7) 

for any 7 G M^'' . Given ip £ M*^ and any a £§p, we define (p°' £ M^'^ to 
be 

^-(7) = ^(7-) 

for any 7 G M^' . Given ip £ M^^" and cr, t G §p, it is easy to see that 

^-(7) ^ ^(7-) = ^((7-)-) ^ ^-(7-) = (^-)-(7) 

for any 7 G M^^ , so that ip'^'^ = {f>^Y ■ The third viewpoint goes as follows. 

Proposition 4 Tangent-vector-valued differential p-forms on M can be identi- 
fy -r-DP 

fled with mappings K : D ^ M satisfying the following conditions: 

1. Ko = Op 

2. a ■ Kd = Kad for any d £ D, any a G R and any natural number i with 
l<i<p. 
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3. {KdY = Kg^d for any d £ D and any a G Sp. 
Proof. This follows from the set-theoretical identity 

The details can safely be left to the reader. ■ 

We will use the above three viewpoints on tangent- vector- valued differential 
forms interchangeably, though we prefer the last one to the preceding two. The 
following lemma, which will be used in the next section, should be obvious. 

Lemma 5 For any mappings K,L:D'^^ with 

K{d,0) = L{d,0) 
K{0, d) = L{0, d) 

for any d G D, we have 

{(di,d2) eD^ ^ L{di,d2T}- 
{{di,d2) e ^ K{di,d2y} 

= deD^{{L- K)dY 
for any a GSp. Similar formulas hold for — (i = 1,2,3). 

i 

We will write 57*^(71^; TM) for the totality of tangent- vector- valued differen- 
tial fc-forms on M. Given K e ^''{M; TM), K' e Cl'^iN; TN) and f : M ^ N, 
we say that K' is f -related to K if we have 

W°7) = /(^d(7)) 

for any d € D and any 7 S . 

If we drop the condition of the alternating property while keeping the k- 
homogeneity in the definition of a tangent- vector- valued differential fc-form on 
M, we get the notion of a tangcnt-vector-valued differential fc-semiform on M. 
We denote by fl''{M;TM) the totality of tangent-vector- valued differential k- 
semiforms on M. Given K G n'=(M;TM), we define AK e n'=(M;TM) to 
be 

for any 7 G M^'' , where is the sign of cr. We write Ap^qK and Ap^q^rK for 
{l/p\qi)AK and {l/p\q\r\)AK respectively. 
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4 Interior Derivations 

Given K e f2'=+i(M; TM) and L e 0'(M; TM), we define T^L e f2'=+'(M; TM) 
to be 

(TKi)(7) = i{(ei,...,eO G ^ /^ei((rfi, e 
i-^7(di,...,rffc+i,e2,...,e;))} 

for any 7 G M^*"^' . Obviously we have to verify that 
Proposition 6 We have 

'ixL G Q!'+\M;TM) 

Proof. Let e be an arbitrary element of D with a G M. For 1 < i < fc + 1, 

we have 

(iKL)e{a - 7) 

= L,{{e^,...,ei)eD' ^ 

Kei{{di,...dk+i) e i'*'^^ *->7(c?i,---,,ac'i,-,4+i,e2,...,e;))} 
= i,{(ei,...,eO e ^ 
-K'aei((c?i,--4+i) e 1)''+^ ^ j{di, ,d^, ...,dk+i,e2, ...,ei))} 

Kei{{di,...dk+i) e i?''^^ i-^7((ii,...,,(ii,...,(ifc+i,e2,...,ej))} 

while the case ofA: + 2<i</c + ^ can safely be left to the reader. ■ 

Given K G f2*^+i(M; TM) and L G n'(M; TM), we define ixL G 0'=+'(M; TM) 
to be 

Proposition 7 Let f : M N be a mapping. Let us suppose that K' G 
n^+^{N-TN) is f -related to K e n''+^{M;TM) and that L' G n^{N;TN) is 
f -related to L G Q.'{M;TM). Then ik-L' is f -related to ikL. 
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Proof. It siifRccs to show that ix'L' is /-related to ikL. Let d Q D and 
7 G M^''^' . Then we have 

/((T^L)e(7)) 

= /[Le{(ei,...,e0e2?'^ 
iiTei ((di, ...4+1) e i'''"^^ ^ 7(c^i, ■-, 4+1, 62, e,))}] 
= L^[(ei,...,eOei?'^ 
/{i^ei((di, ...4+1) G ^ 7(4, ...,4+1, ei))}] 

= L^[(ei, ei) €D'^ K'^^{{f o 7)(-i, -fc+i, 4, 
ii:ei{(4,...4+i) e ^ (/0 7)(4,...,4+i,e2,...,ei)}] 

= (T,,.,L')e(/0 7) 

which completes the proof. ■ 

5 The Frolicher-Nijenhuis Bracket 

Given ip G and V G ^ , we define tjj^ipe to be 

= ^{(ei,...,e,) ei?«^^ 
(p((4,...,4) G 7(4, ...,4,ei, ...,eg))} 

for any 7 G M^""^'. Given two tangent- vector- valued differential forms K : 

D M'^"" and L:D^ M^"" , we define a mapping L*K ^ M'^""^' 
to be 

{L*K){d,,d2) = La,*Ka, 
for any (di, 4) G .D^. The following lemma should be obvious. 

Lemma 8 Given two tangent-vector-valued differential forms K : D 

and L : D ^ M^"' with a = i ^ 9 + 1 - P + 9)e§ 

1. (L * 0) = {{K * L)(0, 4)'" for any deD. 

2. {L * K){0, d) = {{K * L){d, Q)Y for any d&D. 

We continue to use the notation of the above lemma for a while. We denote 
by K*L the mapping (4,4) G l?^ ^ {{K * L)(4,rfi))'" G M'^'"" \ We are 

thus entitled by the above lemma to define \K, L\ G (M™ )^ to be 

L * is: - KiL 
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Lemma 9 The mapping [if, L\ : D ^ Af*^ satisfies the following condi- 
tions: 

1. iK,L\^ = Op 

2. a ■ \_K, ~ \_K, L\^^ for any d D, any a G M and any natural number 

i 

i with I < i < p + q. 

Proof. The first condition should be obvious. To see the second condition, 
we note that 

1. aiL*K){di,d2) = {L*K){adi,d2)aTida-{K*L){di,d2) = (i4^i)(adi, da) 

i i 

for any natural number i with 1 < i < p. 

2. a-(L*is:)(di,d2) = (i*/s:)(di, adz) and a-{K^L){di,d2) = {K^L){di, ad2) 

i i 

for any natural number i with p+l<i<p-\-q. 

Therefore the second condition follows by Proposition 5 in §3.4 of Lavend- 
homme [3] from the first property in case of 1 < z < p and from the second 
property in case ofp+l<i<p + q. ■ 



Lemma 10 Given three tangent-vector-valued differential forms Ki : D 
Ta : "> M^'^"" ana 



M*^ , isTa : "> and : D ^ M*^ , we ha 



Proof. By the same token as in the familiar associativity of wedge products 
in differential forms. ■ 

We are going to define the Frolicher-Nijenhuis bracket \K, L~\ to be 

which is undoubtedly a tangent- vector-valued differential {p + (7)-form. 
Theorem 11 The following two properties hold for the Frolicher-Nijenhuis bracket: 

1. We have 

\K,L^=-{-lY'' \L,K] 

for any two tangent-vector-valued differential forms K : D ~* M*^ and 
L:D-^ M^'^°' . 

2. We have 

[i^i, \K2,K^^^H-^Y^''^''^ \K2, rif3,ifiii+(-i)''(^+«^ \k^, \Kl,K2^^ = o 

for any three tangent-vector-valued differential forms Ki : D Af *^ , 
Ko-.D-^ Af A^"' and K. : D ^ Af*^"'^ . 
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Proof. In order to see the first property, it suffices to note that 

{L*K){d^,d2Y = {L-iK){d2,d^) 
{K*L){di,d2f = {K*L){d2,di) 

from which it follows Propositions 4 and 6 in §3.4 of Lavendhonime ^ and 
Lemma [5] that 

= J-Y\ SrsAdeD^iiL^K-K^L)^^} 

= E er[m,d2)€D^^{L*K){di,d2y''}- 

{{di,d2) e ^ {iaL){di,d2r''}] 

= TT^" E £r[{(di,rf2)ei?2^((i*x)(di,d2r)"}- 

{{di,d2) eD^^ {{K*L){dud2YY}] 

= -T-Y- y. £r[{{di,d2)eD^^{L*K){d2,diy}^ 

{(di,d2)ei?2^(i^*L)(d2,rfir}] 

p!q! 
p!g! 

= E e.{deZ3-(Li,A-J,r} 

TGSp+<, 

Since it is easy to see that Ec = (—1)^', the desired first property follows 
at once. In order to see the second property, we first define six mappings 
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V123J <^132, <^213> V231, <^312, <^321 : —^ M 



M 



to be 



^123 = (di,d2,4) e ^'■^ ^ (i^3)<i3 * (^2)d2 * (^i)di e M 



M 



'P132 = (c?i,d2,d3) e L)^ 
</?23i = {di,d2,d3) e 

</?312 = (til,rf2,rf3) e 
</3321 = (di,rf2,ci3) e 

where 



{{K2)d,*{Ki)d,*{Ks)d,r'' eM 
((/fik*(i^2k*(i^3kr^^ eM 



M 



M 



M 



OP+g+r 



M 



2:iP+q+r 



M 



fl32 



P+1 



p + r p + r + 1 



P P + q+l ••• p + g + r p+1 



p + q + r 

p + q 



C213 = 
0'231 = 
0'312 = 
0'321 = 

Now we have 



1 

p+1 ... 
1 

p+1 ... 

1 

p + q + 1 
1 

p + q + l 



q 9 + 1 
p + q 1 



p + (? p + (? + i 

P p + q+ 1 



q q+1 
P + q P + q + l ... 

r r + 1 

... p + q + r 1 

r r + 1 
... p + q + r p+l 



P 
P 

q + r q + r + 1 
p+q+r 1 

... p + r p + r +1 

p p+l 

... q + r q + r + 1 
... p + q 1 



p + q + r 
P 

p + q + r 
p + q 

p + q + r 
P 



\K^,\K2,K^W 

= Ap,q+r{[,K^,Ag,r{iK2,K^\)\) 

= Ap,g,r{\.Ki,[K2,K:,\\) 
Let pi e Sp+q+r be CT231 , for which we have Sp^ = {-l)P<^9+r) _ Let (pl^^ , ifl^^, ipl^2^ 



M 



M 



oP+q+^ 



be mapping 

V23I = (di,d2,d3) G </?23l(<^l,<^2,rf3)^' 

<^^13 = {di,d2,d3) €D^^ V213{dud2.dzY' 

Vli2 = {di,d2,dz) eD^^ (P3i2{di,d2,d:i)p' 
fl32 = {di,d2,d3) e <fl32{dl,d2,d3y^ 
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Now we have 

= A,r,p((<P231 - - (</^312 - V132)) 



^ ^ £t{c? G -D 1-^ (((1^231 -V213) - (1^312 - <Pl32))d)'^'"} 
Vi^'^i X] ^r£pAd e -D ^ (((V231 - V213) - (V'312 - ¥'l32))d)'''"} 



= A,r,p((<P231 - V'213) - (</'312 - ¥'132)) 

which implies that 

= A,'-,p((¥'231 - ¥'213) - ('P312 - </'l32)) 

Letp2 e Sp+5+,. be (7312, for which we have = (-!)''(?+«). Let y-lisi ¥'321) ¥"123' V213 ^ 
Z)^ I— > M be mappings 

<^3i2 = {di,d2,ds) G iP3i2{di,d2,dsy 

V321 = {di,d2,d3) e 'fi32i{di,d2,d3y^ 

<Pi23 = {di,d2,d3) e l-> 'fil23{dl,d2,d3y^ 

V213 = {di,d2,d3) e V>2i3{di,d2,d3y^ 

Now we have 

= Ar,p+<,ilK3,Ap,g{lK,,K2\)\) 

= A,pAlK3,lKi,K2\\) 

= A,p,g((V312 - V321) - {V>123 - V>213)) 

Eer{d {{{^312 - ^321) - {Vl23 " 'P213)) df ^'^] 



p\q\r\ 



^£p2 ^ erEp^d eD^ (((V312 - ¥'321) - {Vl23 - ¥'213))d)'''" } 



p\qiri 



= ep2Ar,p,q{{ip312 - ^32l) " (<Pl23 - V213)) 



10 



which impUes that 

= Ar,p,q{{ip312 " V32l) " (</'l23 - V213)) 

Therefore we have 

= Ap,g,r{{'Pl23 - ^132) - {^231 - </'32l)) + 
A,'-,p((¥'231 - ¥'213) - (<P312 - ¥'132)) + 
A-,p,g((¥'312 - <^32l) - (V'123 " V213)) 

= -r-nA{{{ipi23 - 'P132) - ('^231 - <P32l)} + {(^5231 " "^213) " {<f312 " 'P132)} 

p\q\r\ 11 22 

+ {('y?312 - <P32l) - {^123 - <^213)}) 
3 3 

= [by the general Jacobi identity] 
■ 

Now we are going to show the naturaUty of the Frohcher-Nijenhuis bracket. 
Let f : M ^ N he a function of microlinear spaces. 

Lemma 12 // tangent-vector-valued differential forms K' : D ^ and 
L' : D ^ are f -related to tangent-vector-valued differential forms K : 

D — > and L : D ^ respectively, then we have 

fo{{L*K){j)) = {L'*K'){fo^) 
fo{{KiL){^)) = {K'*L'){fo^) 

for any 7 G M^"^" . 

Proof. For the first identity, we have 

/o((L*X)(7)) 

= / o [{d, d') e D2 ^ id'{(ei, eg) e ^ 



Kd{{d^,. 


..,dp)eDP^ 


> 7(di, ...,dp,ei, ... 






= ((i,d')G£''^/[id'{(ei,...,e,)eD« 


Kd{{du. 


..,dp)eDP^ 


>7(di,...,dp,ei,... 


,e,))}] 




= {d, d' 




...,e,)GDi^ 


f{Kd{{du. 


..,dp)&DP^ 


»7(di,...,rfp,ei,... 






= {d, d' 






{Kdiidu. 


..,dp)€DP^ 


' if °l){di,...,dp, 


ei,...,eg))}] 




= {L'* 


K'){foj) 
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The second formula can be established by the same token. ■ 

Proposition 13 Under the same assumption and notation as in the above 
lemma, \K',L'^ is f -related to \K,L']. 

Proof. It suffices to show that [K' , L'\ is /-related to [X, L\ , which follows 
from the following calculation: 

fo{[K,L\ (7)) 

= fo{{L*K)(^)-{K%L){-i)} 

^ f o {{L * K)ij)) ^ f o {{K*L){^)) 

^iL'*K'){fo^)-{K'*L'){foj) 
^ IK',L'\ (/07) 

tor any 7 e M . ■ 

6 Lie Derivations 

Let K e n''{M;TM) and L e ri'(M;TM). Let V be a linear connection on 
M. It is easy to see that 

Lemma 14 We have 

{L*K){d,Q) = V{L*K){d,0) 
{L*K){0,d) = V{L*K){0,d) 

for any d E D. 

Now we define L^i e 17'^+' (Af; TM) to be 

L^i(7) = {L * K){j) - V((i * K){^)) 
for any e M^' . Indeed we have to verify that 
Lemma 15 We have 

LlL{a p) = a 

for any a £ R and any natural number i with 1 < i < k + I. 
Proof. By the same token as in the proof of Lemma |9l ■ 
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Proposition 16 With the above notation, we have 
LjL(7) 

i-> 7(di, ...,dfe,ei, ...,e/))}]] 

for any 7 e ^ , where t £ is the mapping d £ D 1-^ Kd{{di, ...dk) G 

i?''^^7(di,...,4,0,...,0))eA/. 

Proof. By Propositions 3 and 7 in §§5.2 of Lavendhommc ■ 
We define LJL e ^''■+'(M; TA/) to be 



Proposition 17 Continuing with the above notation and assuming that the 
linear connection V is symmetric, we have 

\K,L-\^\.lL-{-iri.lK 

Proof. It suffices to show that 

[K,L\=tlL-{ilKY 

with cr = ^ k + l ' ^^^^ G §fc+; , which follows by the 

same token as in Proposition 3 in §§5.3 of Lavendhomme [3J. ■ 

Finally we are going to establish the naturality of Lie derivations. Let / : 
Af iV be a function of microlinear spaces with a linear connection V' on N 
being /-related to the linear connection V on M . 

Lemma 18 Let K' e itiN-.TN) and L' e n^{N;TN) be f -related to K e 
n''{M;TM) and L G n\M;TM) respectively. Then we have 

f o (V(i * K){-f)) = V'(i' * K'){f o 7) 

for any 7 G M 

Proof. By the same token as in the proof of Lemma [T^l ■ 

Proposition 19 Under the same assumption and notation as in the above 
lemma, L^/L' is f -related to L^L. 

Proof. By the same token as in the proof of Proposition [T21 ■ 
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